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 APJ ABDUL KALAM TECHNOLOGICAL UNIVERSITY 

FIRST SEMESTER M. TECH DEGREE EXAMINATION	

Mechanical Engineering 

04ME6503 - Theory of Vibration 
 

Max. Marks : 60                                                                      Duration: 3 Hours 
PART A 

Answer All Questions 
Each question carries 3 marks 

1 Explain these terms with their expression a) Natural frequency of a system ωn b) 
Damped frequency ωd and c) Critical damping constant cc. 

2 Find the equivalent spring constant of two springs in series with stiffness k1 and k2. Give 
an expression 

3 A spring-mass system has a natural period of 0.21 seconds. What will be the new period if 
the spring constant is (a) increased by 50 percent and (b) decreased by 50 percent? � 

4 The ratio of successive amplitudes of a viscously damped single-degree-of-freedom system 
is found to be 18:1. Determine the ratio of successive amplitudes if the amount of damping 
is (a) doubled, and (b) halved. 

5 Define magnification factor and give the expression that relates it to frequency ratio for 
a system with damping ratio ζ. 

6 It is required to design an electromechanical system to achieve a natural frequency of 
1000Hz and a Q factor of 1200. Determine the damping ratio and the bandwidth of the 
system. 

7 Find the Laplace transform of (1 − e−st) 
8 An automobile having a mass of 2,000 kg deflects its suspension springs 0.02 m under 

static conditions. Determine the natural frequency ωn of the automobile in the vertical 
direction by assuming damping to be negligible. 

 
PART B 

Each question carries 6 marks 
9 The inclined manometer, shown below, is used to measure pressure. If the total length of 

mercury in the tube is L, find an expression for the natural frequency of oscillation of the 
mercury. 

 

OR 
  

226 CHAPTER 2 FREE VIBRATION OF SINGLE-DEGREE-OF-FREEDOM SYSTEMS

2.34 A pressure-vessel head is supported by  a set of steel cables of length 2 m as shown in Fig.

2.75. The time period of axial vibration (in vertical direction) is found to vary  from 5 s to

4.0825 s when an additional mass of 5,000 kg is added to the pressure-vessel head. Deter-

mine the equivalent cross-sectional area of the cables and the mass of the pressure-vessel

head.

2.35 A fly wheel is mounted on a vertical shaft, as shown in Fig. 2.76. The shaft has a diameter d

and length l and is fixed at both ends. The fly wheel has a weight of W and a radius of gy ra-

tion of r. Find the natural frequency  of the longitudinal, the transverse, and the torsional

vibration of the sy stem.

L

u
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10 Find the equation of motion of the uniform rigid bar OA of length l and mass m shown in 

figure and its natural frequency. 

 
11 A railroad car of mass 2,000 kg traveling at a velocity v = 10 m/s is stopped at the end of the 

tracks by a spring-damper system, as shown below. If the stiffness of the spring is k = 80 
N/mm and the damping constant is c = 20 N-s/mm, determine (a) the maximum 
displacement of the car after engaging the springs and damper and (b) the time taken to 
reach the maximum displacement. � 

 
OR 

12 Find an expression for logarithmic decrement δ for free vibration with viscous damping ratio 
ζ. Find an approximate value for  δ  when damping ratio is small ζ << 1 

 
13 Derive the equation of motion and find the steady-state solution of the system shown below 

for rotational motion about the hinge O for the following data: k = 5000 N/m, l = 1 m, m = 
10 kg, M0 = 100 N-m, v = 1000 rpm. 

 

OR 

PROBLEMS 239
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FIGURE 2.97

2.74 A cylinder of mass m and mass moment of inertia is free to roll without slipping but is

restrained by two springs of stiffnesses and as shown in Fig. 2.97. Find its natural fre-

quency of vibration. Also find the value of a that maximizes the natural frequency of vibration.

k2,k1

J0

k k

k

kt

k

A

2l

3

l

3

FIGURE 2.96

2.75 If the pendulum of Problem 2.66 is placed in a rocket moving vertically with an acceleration

of what will be its period of oscillation?

2.76 Find the equation of motion of the uniform rigid bar OA of length l and mass m shown in Fig.

2.98. Also find its natural frequency.
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FIGURE 2.98
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c

k/2

v

k/2

FIGURE 2.108

2.103 For a spring-mass-damper system, and Find the following: (a)

critical damping constant (b) damped natural frequency when and (c) logarith-

mic decrement.

2.104 A railroad car of mass 2,000 kg traveling at a velocity is stopped at the end of the

tracks by a spring-damper system, as shown in Fig. 2.108. If the stiffness of the spring is

and the damping constant is determine (a) the maximum

displacement of the car after engaging the springs and damper and (b) the time taken to reach

the maximum displacement.

c = 20 N-s/mm,k = 80 N/mm

v = 10 m/s

c = cc/2,cc,
k = 5,000 N/m.m = 50 kg

2.105 A torsional pendulum has a natural frequency of 200 cycles/min when vibrating in a vacuum.

The mass moment of inertia of the disc is It is then immersed in oil and its natural

frequency is found to be 180 cycles/min. Determine the damping constant. If the disc, when

placed in oil, is given an initial displacement of 2 , find its displacement at the end of the first

cycle.

2.106 A boy riding a bicycle can be modeled as a spring-mass-damper system with an equiva-

lent weight, stiffness, and damping constant of 800 N, 50,000 N/m, and 1,000 N-s/m,

respectively. The differential setting of the concrete blocks on the road caused the level

surface to decrease suddenly, as indicated in Fig. 2.109. If the speed of the bicycle is 5

m/s (18 km/hr), determine the displacement of the boy in the vertical direction. Assume

that the bicycle is free of vertical vibration before encountering the step change in the

vertical displacement.

2.107 A wooden rectangular prism of weight 20 lb, height 3 ft, and cross section floats

and remains vertical in a tub of oil. The frictional resistance of the oil can be assumed to be

equivalent to a viscous damping coefficient When the prism is depressed by a distance of

6 in. from its equilibrium and released, it is found to reach a depth of 5.5 in. at the end of its

first cycle of oscillation. Determine the value of the damping coefficient of the oil.

z.

1 ft * 2 ft

°

0.2 kg-m2.
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F(t) * F0 sin vt
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FIGURE 3.44

3.21* Design a solid steel shaft supported in bearings which carries the rotor of a turbine at the

middle. The rotor weighs 500 lb and delivers a power of 200 hp at 3000 rpm. In order to keep

the stress due to the unbalance in the rotor small, the critical speed of the shaft is to be made

one-fifth of the operating speed of the rotor. The length of the shaft is to be made equal to at

least 30 times its diameter.

3.22 A hollow steel shaft, of length 100 in., outer diameter 4 in., and inner diameter 3.5 in., carries

the rotor of a turbine, weighing 500 lb, at the middle and is supported at the ends in bearings.

The clearance between the rotor and the stator is 0.5 in. The rotor has an eccentricity equiva-

lent to a weight of 0.5 lb at a radius of 2 in. A limit switch is installed to stop the rotor when-

ever the rotor touches the stator. If the rotor operates at resonance, how long will it take to

activate the limit switch? Assume the initial displacement and velocity of the rotor perpen-

dicular to the shaft to be zero.

3.23 A steel cantilever beam, carrying a weight of 0.1 lb at the free end, is used as a frequency

meter.7 The beam has a length of 10 in., width of 0.2 in., and thickness of 0.05 in. The inter-

nal friction is equivalent to a damping ratio of 0.01. When the fixed end of the beam is sub-

jected to a harmonic displacement the maximum tip displacement has

been observed to be 2.5 in. Find the forcing frequency.

3.24 Derive the equation of motion and find the steady-state response of the system shown in Fig. 3.44

for rotational motion about the hinge O for the following data: 

3.25 Derive the equation of motion and find the steady-state solution of the system shown in Fig. 3.45

for rotational motion about the hinge O for the following data: 

l = 1 m, m = 10 kg, M0 = 100 N-m, v = 1000 rpm.
k = 5000 N/m,

v = 1000 rpm.F0 = 500 N,m = 10 kg,M = 50 kg,l = 1 m,b = 0.5 m,a = 0.25 m,
k1 = k2 = 5000 N/m,

y(t) = 0.05 cos vt,

*The asterisk denotes a design-type problem or a problem with no unique answer.
7The use of cantilever beams as frequency meters is discussed in detail in Section 10.4.
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14 What is Quality Factor Q? How do you calculate half-power points? Find an expression for 
bandwidth for small damping ratio ζ <<1? 

 
15 The vibration of a package dropped from a height of h meters can be approximated by 

considering the figure below. Modeling the point of contact as an impulse applied to the 
system at the time of contact, calculate the vibration of the mass m after the system fall from 
height h and hits the ground. Assume that the system is under-damped. g = 9.8 m/s2 

 

OR 

 

16 �A pulse excitation as shown below is given to an undamped spring-mass system consider 
two parts t < t1 and t > t1 and find a response to each part. 
Hint: 𝑥 sin 𝑥 𝑑𝑥 = 𝑥 cos(𝑥)+  sin 𝑥 + 𝐶 

 
17 Find the response of the rigid bar shown in figure using convolution integral for the 

following data: k = 5000 N/m, l = 1 m, m = 10 kg, M0 = 100 N-m.  

 
 

OR 
  

Chap. 3    Problems 289

 3.11. Calculate the response of

3x
$(t) + 12x

# (t) + 12x(t) = 3δ(t)

for zero initial conditions. The units are in Newtons. Plot the response.

 3.12. Compute the response of the system

3x
$(t) + 12x

# (t) + 12x(t) = 3δ(t)

subject to the initial conditions x(0) = 0.01 m and v(0) = 0. The units are in Newtons. 
Plot the response.

 3.13. Calculate the response of the system

3x
$(t) + 6x

# (t) + 12x(t) = 3δ(t) - δ(t - 1)

subject to the initial conditions x(0) = 0.01 m and v(0) = 1 m>s. The units are in Newtons. 
Plot the response.

 3.14. A chassis dynamometer is used to study the unsprung mass of an automobile as illus-
trated in Figure P3.14, and discussed in Example 1.4.1. Compute the maximum magni-
tude of the center of the wheel due to an impulse of 5000 N applied over 0.01 seconds in 
the x direction. Assume the wheel mass is m = 15 kg, the spring stiffness is k = 500,000 

x(t)

(t)
r

m, J

c
k

Figure P3.14  A simple model of an 
automobile suspension system mounted on 
a chassis dynamometer. The rotation of the 
car’s wheel>tire assembly (of radius r) is 
given by θ(t) and is vertical deflection by x(t).

c

m

k

x(t)

Figure P3.10  The vibration model of a package 
being dropped onto the ground.

256 General Forced Response    Chap. 3

function, h(t), was derived from considering a force input, δ(t), of large magnitude 
and short duration and can be used to calculate the response of a system to any 
input. The impulse response function forms the basis for calculating the response 
spectrum introduced here.

Recall from equation (3.12) that the response of a system to an arbitrary input 
F(t) can be written as

 x(t) = L
t

0
F(τ)h(t - τ)dτ (3.71)

where h(t – τ) is the impulse response function for the system. For an underdamped 
system, h(t – τ) is given by equation (3.9):

 h(t - τ) =
1

mωd
 e-ζωn(t -  τ) sin ωd(t - τ)    t 7 τ (3.72)

which becomes

 h(t - τ) =
1

mωn
  sin ωn(t - τ) (3.73)

in the undamped case. The response spectrum is defined to be a plot of the peak 
or maximum value of the response versus frequency. For an undamped system, 
equations (3.71) and (3.73) can be combined to yield the maximum value of the 
displacement response as

 x(t)max =
1

mωn
 ` L t

0
F(τ) sin [ωn(t - τ)]dτ `

max
 (3.74)

Calculating a response spectrum then involves substitution of the appropriate F(t) 
into equation (3.74) and plotting x(t)max versus the undamped natural frequency. 
This is usually done numerically on a computer; however, the following example 
illustrates the procedure by hand calculation.

Example 3.6.1

Calculate the response spectrum for the forcing function given in Figure 3.16 applied 
to the linear spring–mass system. The abruptness of the response is characterized by 
the time t1.

F0

t1
t Figure 3.16  A step disturbance 

with rise time of t1 seconds.

452 CHAPTER 4 VIBRATION UNDER GENERAL FORCING CONDITIONS
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FIGURE 4.53
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FIGURE 4.54

4.31 Show that the convolution integral, Eq. (4.31), can also be ex pressed in terms of the response

to a unit step function h(t) as

4.32 Find the response of the rigid bar shown in Fig. 4.53 using convolution integral for the following

data: 

F0 = 500 N.
m = 10 kg,M = 50 kg,l = 1.0 m,b = 0.5 m,a = 0.25 m,k1 = k2 = 5000 N/m,

x(t) = F(0)h(t) + L
t

0

dF(t)

dt
 h(t - t) dt

kk

Uniform bar,
mass m

l

4
3l

4

,

Q

x(t) + x0e
* t

P

u

FIGURE 4.55

4.33 Find the response of the rigid bar shown in Fig. 4.54 using convolution integral for the fol-

lowing data: k = 5000 N/m, l = 1 m, m = 10 kg, M0 = 100 N-m.

4.34 Find the response of the rigid bar shown in Fig. 4.55 using convolution integral when the end

P of the spring PQ is subjected to the displacement, Data: 

l = 1 m, m = 10 kg, x0 = 1 cm.
k = 5000 N/m,x(t) = x0e- 

t.
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18 Calculate the response of  

3𝑥 𝑡 + 12𝑥(𝑡)+ 12𝑥(𝑡) = 3𝛿(𝑡) 
subject to initial conditions of 𝑥 0 = 0.01m  and 𝑥 0 = 0 m/s 

 
19 Determine the natural modes of the system when k1 = k2 = k3 = k. 

 
 

OR 
 

20 Determine the natural frequencies and mode shapes of the system shown below. 
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